Let X be a completely regular topological space, B(X) the Banach space of real-valued bounded continuous functions on X, with the usual norm ||&|| =sup a? £x|&(#)| • A subset GCB(X) is called completely regular (c.r.) over X if given any closed subset KQ.X and point XoÇzX -K, there exists a ô£G such that &(#o) = |NI an( i sup^^is: \b(x)\ <||&||. A topological space X is completely regular in the usual sense if and only if B(X) is c.r. over X.
algebraic properties of B(X), and in such properties of every closed linear subspace G of B{X) which is c.r. over X, it would appear to be fruitful to investigate the possibilities of existence of a G of a particularly simple sort, for example, separable, or finite-dimensional, or reflexive. Such a study is made here.
In the next few paragraphs necessary and sufficient conditions are proved that for a given Banach space B there exists a compact X such that B acts c.r. on X. Later, we point out that B(X) is itself rarely separable, finite-dimensional, or reflexive, and the existence of a c.r. subspace of B(X) with such properties is investigated.
Let B be any Banach space; by a T-set, we mean a maximal subset T of B with the property that for any finite subset bi, • • • , b n of ^>ll ]C^*II = ]CII^II-Every &£J3 is contained in such a T-set. Let E% be the solid unit sphere in B* y and let 5* be the surface of £*. It is known that E% is compact [l] . THEOREM 
Given a Banach space B, the following conditions are necessary and sufficient that there exist a compact X such that B acts c.r. on X:
(1) For each T-set in B, there is a unique point XTÇZS% such that x T (t) =\\t\\ for all tGT.
(2) The set MCS% of all such x T is closed in B%. Condition (1) of Theorem 1 could be replaced by the equivalent condition that for each !T-set in B the functional
The following three results, the first two of which are stated without proof since they are known, indicate properties which B(X) in general fails to have. THEOREM [5 ] . THEOREM 
If X is completely regular, B(X) is separable if and only if X is compact and metrizable

If X is completely regular, B(X) is finite-dimensional if and only if X consists of a finite number of points.
THEOREM 4. If X is completely regular, B(X) is reflexive if and only if X consists of a finite number of points.
PROOF. If X has only a finite number of points, B(X) is reflexive because it is finite-dimensional. Now suppose X completely regular and infinite, and B(X) reflexive. Let X be the Cech compactification of X. Then B(X) is equivalent to B(X), hence reflexive. Therefore the unit sphere E in B{X) is weakly compact. We obtain a contradiction by constructing a sequence in E with no weak limit point. Let {x} be an infinite sequence of distinct points of X, and let x be a limit point of {x} not a member of {x} ; let bi be an element of B(X) with the property that ||&,-|| = 1, &»(#) = 1, bi(xj)=0 for jSi\ bi exists due to the complete regularity of X. If b is a weak limit point of {b}, it follows that b(x) = l, b(xj)=0 for j-1, 2, • • • , contradicting the fact that b is continuous and x is a limit point of {x}. THEOREM 
If E is the unit sphere in any Hilbert {inner product) space H, there exists a closed linear reflexive subspace L of B(E) which is c.r. over E and is isomorphic to H if H is of infinite dimension and n + 2-dimensional if H is n-dimensional.
\fcd,h (P)\> forms a linear subspace L of B(E).
Consider the mapping C(HiXHiXH)
=L, where X denotes direct sum, C{c, d y h) =f c ,â t h> and Hi is the euclidean line. C is clearly linear and continuous. C is also one-to-one, for if C(c, d y h) = C(c, d, h ) Thus C is an isomorphism between H1XH1XH and L. But ftXffi X-fiT is complete and reflexive, hence L is complete (and so closed in B{E)) and reflexive. 8 
If H is infinite-dimensional, H is isomorphic to
HiXHiXH,
To show L is c.r. over E, let P 0 £E, and let X be any closed set in £-P 0 . Then by taking c=-l/2, * = P 0 , d = 2, we obtain / Cf d,*(P) = -(||P-Po|| 2 )/2 + 2 + ||P 0 || 2 /2, which is non-negative over JE, and has the properties Assume X is finite-dimensional separable metric, and let n be the smallest dimension of any euclidean space E n in which X is homeomorphically imbeddable. Then X is imbeddable in the solid unit sphere E in E n ; let p(X)C.E be such an imbedding. Either p(X) lies on no spherical surface in E, or else p(X) (and hence X) is an (w -1)-sphere; for if p(X) is a proper subset of an (n -1) -sphere it is contained in the manifold obtained by removing a point from the (n -1)-sphere, which is homeomorphic to E n_1 , contradicting the definition of n. , hence isomorphic to E n+2 . If p(X) is an (n -l)-sphere in E, it is clear that (unless X consists of one or two points, in which case it is clear from the start that B(X) is finite-dimensional) by deformation of p(X) there is an imbedding q(X) of X into E such that q(X) lies on no sphere, which reduces the problem to the case just treated. Now assume there is an ^-dimensional linear subspace M of B(X) which is c.r. over X. A consequence of the complete regularity of M over X is that given x, XÇLX there is a continuous function bÇ^M 
fcd.h(Po) = H/e.d.jJLsup |/c.d.*(P)| <fcd,h(Po).
PE.K
COROLLARY. If X is imbeddable in a Hubert {inner product) space H f A there exists a linear subspace of B{X) which is c.r. over X, and which is the linear continuous image of HiXHiXH {direct sum).
If X is imbeddable in
Suppose p(X) lies on no spherical surface in E. Let F(L) be the linear continuous image of the linear subspace L of B(E) (furnished by Theorem 5) under the mapping F[B(E)]QB [p(X)] obtained by cutting down to p(X) each continuous function on E. F(L)
issuch that b(x)9 £ b(x). Since M is ^-dimensional, we can write b(x) = ^aibi(x) where &i(x), • • • , b n (x) is
